
UJX 532.5 

ON THE EXISTENCE OF FLOW OF A HEAVY PWFECT FLUID IN A 

CHANNEL WITH A SLORiNG BOTTOM 

PMM Vol.43, No. 2, 1979, pp. 366-369 

I, L. GUREVICH 

(Kazan’) 

(Received April 20, 1978) 

Solvability of the problem of a flow of a heavy perfect fluid with free bound- 

ary in a channel with a bottom sloping without bounds is proved under the 
conditions that the Froude number is greater than unity, 

Flows in a channel the bottom of which has two horizontal asymptotics, were stud- 

ied earlier [l-3] under analogous conditions. The problems in which a heavy fluid 
flows out of a vessel with the rate of flow increasing withour bounds, were studied for 

the arbitrary [4,5] and for sufficiently large [6] values of the Froude number. However, 

in all the above problems the free boundary, in contrast to the flow in a channel, pass- 
es through a single point at infinity. 

Let us consider, in fhe z = x f iy plane, a steady potential flow of a perfect in- 

compressible heavy fluid with a free boundary, in a channel the bottom of which con- 

sists of two rays emerging from the point z = 0 and forming the angles of n and 

- an with the positive direction of the z -axis. The velocity vector at x -) - 

CO and the vector of acceleration due to gravity have the corresponding projections 

(~0, 0) and (0, -_Y). Let us introduce the following notation: 2’ and 0 are the mod- 

ulus of the velocity vector and the angle between this vector and the z -axis, Y and 

II, are the velocity potential and stream function, w = g -I- ilp, $0 is the fluid 
flow rate, 0) = z - i0 = In (v,-‘dw / dz), J. = ~$3 / VO ‘. 

Mapping the strip 0 -< I# < q. in the w-variable plane onto the strip 0 -$ q f 
a-c / 2 in the 5 = 5 $- iv variable plane by means of the function w = 2$05 / n: we 

obtain, from the Bernoulli equation in the usual manner, 

,,[3t(~+i+)]=l-$- 5 sinU(Cii+)dC 
--xi 

Function o ([) satisfies the boundary conditions ( 1) and the conditions 

0 (- 00 + is) = 0 (0 < 7l < 3t / ‘2). 0 (8) = 0 (E < 0), 6 (E) =: 

-an (E > 0) 

Using the Will’s formulas we obtain 

u (E) = D [g (r,)l = D& C31 + D,Ig (81 

D, lg WI = - 47 g(r)InIth-%$-idt 

(2) 

k = 1,2, ml = - 00, m, = n1 = go, n2 = 00 
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(u (E) = 4 (E + h/2! - u,(E), u. (E) = a (n - 2 a&g eei), 

g (E) = dt (E + in / 2) / d% 

where %, is an arbitrary number. The operators Dk are positive. 
From (1) and (2) we obtain 

u (E) = D [G (%)I 

2h sin[u0(E)+u(4)1[1+$ 1 sin[hK)+~(S)lG]-l G (4) = 3i_ 
-_g 

(3) 

Equations (3) are equivalent to an operator equation of the type u = T (u) , and the 
solvability of the latter is proved below with help of the Schauder’s principle. 

Let E. = In v/s and let the parameters a and il satisfy the conditions 

0 < a < 1, 0 < h < min [I,(1 - a)n - 81 (4) 

where d > 0 is arbitrarily small (the condition for h is the same as the inequalities 

(2.28) and (4.31) in Cl] ). Let E be a space of functions continuous on [-- m, CO] 
with the norm fl u 11 = sup 1 u (4) I, and H = H (C,, C,, B) be a closed set of E 
the elements u (f) of which satisfy the conditions 

0 Q II (%) < (1 - CM - 6 (I % I < m) (5) 

u (%) < Cle+le’ (E d %0), u (E) f C, I % (5 > Eo) (6) 
O<P<f, CI > 0, C, > 0 

We shall find the estimate of F (%) = D [G (%)I = I” (u) for 11 E H. We note that 

0 d u&E) < on (I 5 1 < 00) (7) 
uo(%) < 4ae+ (E d Eo), u. (5) > an / 3 (%> fo) (8) 

From (5) and (7) it fOlloWS that 0 < ~a(%) + u (5) < 3t - 8 when % E (- 00, 00) and 

u0 + u > sin (ua + u) > rc+ sin au, > 0 (9) 

Using (6). (8) and (9) we obtain from (3) 

0 d G (E) d 2h / n: (I % I< 00) 
(10) 

G (%) 5 z (a sin S%)-1 (E > 50) (11) 

G (%) < 8an-le-IEl + 2hn-‘C,e-B)~’ (% f fo) 

Applying the operator D to (10) and remembering that D (1) = JI / 2 we obtain 0 < 
F (%) i % and th’ rs, together with (4), yields 

0 < F (%) d (1 - a) n - 6 (I % I < m) (12) 

Below we shall use the following estimates: 

D, (e+18’) < , + j (v) c?+161 (14l<w) 

&(I 1 E) < N @ (E) (I % I < 4 
Q, (%I = df (E < 501, @ (E) = 1 / % 

where iV > 0, f (v) is a continuous increasing function, 
The inequality (13) has been proved in [l]. To prove ( 14). 

(13) 

(14) 

(E > Ed 

f (0) = i and f (1) = 03. 
we shall consider the 
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function r (5) f=: In In (e6 + 2) - In lu 2 continuous 
We denote 

P1(S)=Imr(F.+i~~ =arct& 

(a = 2 arctag (e E / 2), b = In (eat + 4)) 

The following inequalities hold: 

PrfE) G M@ (E) (I 5 I < w), P2 (6) > m / E > 0 (5 > &J (15) 

Taking into account the fact that r (- 03 -I- in) = 0, Jm r (E) = 0 (I 5 1 < CQ) we 

have P,(E) = D fp&)l I& D,lp&)l and this, together with (15). yields 

&fQ (E) > mD,(l i E) (1 E 1 < 00) f 161 

The estimate (14) with N = M / m now follows from (16). 
Majorizing e’lgl in (11) with the function e-BI%l and applying the estimates (13) 

and (14) we obtain, from (XL), 

(17) 

Using (171, the properties of f (Y) and the inequalities h < i, 0 < fi < 1, we can 
show that a sufficiently small rS and a suffici~tly large G,, and hence a sufftcien- 
tly large Gz, can be chosen such that the following inequalities will hold: 

F (4) d W-P’f’ (4 < Eo), F(C) < + (CZEO) (18) 

Comparing (5) and (6) with (12) and ( 18) we conclude, that for the values of Cr, 
C, and @ chosen the operator 2’ transforms H (Cl, C,. /3) into itself. Using tne 

estimates obtained, we can also show the complete continuity of the contraction of 
the operator 2’ on H on the norm of the space E: (the proof is based on the known 

fact that the family of functions Pn (E) = I) [Gn (E)] is equicontinuous on any finite 

interval provided that the family Gn (5) is uniformly bounded for 1 ! 1 < m)- 
From the Schauder principle it follows that when the conditions (4) hold, the equat- 

ion u = 2’ (u), equivalent to the initial hydrodyna~c problem, has at leastone SO~U- 

tfm u (E) E H. Using the methods of [I, 31 we can extend the theorem of existence 

proved above to the case of a channel with a curvilinear bottom sloping without bounds. 
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